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Phenomenological and physical aspects of the intrinsic tail spectra of the alkalihalides are 
studied referring to the new results on the intrinsic tail spectra of KBr and K l and to the tempera­
ture dependences of the lowest-energy T -exciton peak of the sodium- and potassium-halides. Sys­
tematically analysing the temperature dependence of the steepness parameter os(T) of the Urbach 
rule for these halides, it is found that the frequency factor has the value nearly equal to the acoustic 
phonon energy at X or L of each host lattice and the steepness constant aso becomes larger in 
passing from fluoride to iodide. This halogen dependence of erso is discussed in terms of the hole 
band-mass of the /V-level.

§ 1. Introduction

The main purpose of this work is to determine 

the Urbach-rule parameters for all the sodium- and 

potassium-halides except for KF and to find thereby 

the features characteristic of the intrinsic tail spectra 

of these halides. Since the tail spectra of intrinsic 

exciton l i n e s 2 as well as of impurity-induced 

exciton lines 1; 3 equally obey the Urbach rule, the 

fact alone that a given tail obeys the Urbach rule 

does not always constitute in itself a criterion with 

which the tail can be judged intrinsic or extrinsic. 

Therefore, it is thought worthwhile to clarify from 

a phenomenological point of view the concept which 

is meant by “intrinsic tail” .

For this purpose, the present work deals with the 

determination of the tail spectra of KBr and Kl 

( § 2 ) and also with the thermal shift of the lowest- 

energy -T-exciton peak (§3 ) . The former measure­

ment yields two important consequences:

(i) The earlier data at low temperatures of these 

two salts 4’ 5 are to be corrected;

(ii) a comparison of these new and old data en­

ables the specimen-temperature in a series of 

our works1; 2’ 6-9 to be determined with rea­

sonable accuracy.

On the other side, the phonon dispersion curves 

were measured on KC1 10,11 and NaCl12' 13 shortly 

after the publication of our works on KC11; 6> 7 and 

NaCl2-8. In addition to the phonon dispersion 

curves of the sodium- and potassium-halide lattices, 

there has also been an increasing compilation in 

the past ten years of the data concerning the tem­

perature dependences of lattice dynamical quantities 

such as specific heat, elastic stiffness parameters,
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linear coefficients of thermal expansion, etc. With 

the use of these new material constants, evaluations 

are made on the parameters of the Urbach rule (§ 2) 

and of the peak-shift formulae (§3 ) in terms of 

the specimen-temperature for the sodium- and potas­

sium-halides. The results thus obtained have pro­

vided the necessary data for our purpose just men­

tioned in the beginning.

In § 4, an empirical criterion with which the 

intrinsic tails can be discriminated is first proposed 

referring to the data on NaCl and the potassium- 

halides. Second, the halogen dependence of the 

steepness constants for the Urbach rule found in the 

potassium-halides (KC1, KBr, and Kl) is interpreted 

in the framework of the theory of Toyozawa and 

co-workers 14~16.

§ 2. The Intrinsic Absorption Spectra in the 

Tail Region of Sodium- and Potassium-Halides

Detailed descriptions have already been given in 

preceding reports2’ 6’ 17 on the equipment used in 

the absorption and reflection measurements and on 

the procedures of processing the data; hence, the 

exposition on these topics is omitted here.

The temperature- and energy-dependences of the 

absorption constant A(E,T) of alkalihalide single 

crystals in their tail region were studied first on 

KBr by Martienssen4 and subsequently on Kl by 

Haupt5. According to their investigations, A(E,T) 

can be written by the relation 

A (E, T) - A„ exp { - a, (T) (E„ ~ E )/kT } . (2.1)

The temperature dependence of the steepness para­

meter o^(T) thereafter studied both theoretically 18 

and experimentally 1-3 is found to be expressible as

(2-2)
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Here, the steepness constant os0 is a temperature 

independent quantity and h co stands for effective 

phonon energy. A pair of Eqs. (2.1) and (2 .2 ) will 

be called the Urbach rule specifically in this paper.

The single crystals of KBr and KI used in this 

work were purchased from Harshaw Chem. Co., 

USA. The absorption spectra in their tail region are 

presented in Fig. 1 by the thick curves through the 

data, open and filled circles; the spectral portion 

displaying an exponential dependence against pho­

ton energy E corresponds to the intrinsic tail spectra 

and the remainder to the spectra due to impurities. 

The former can be extrapolated as traced by thin 

lines to one convergence point whose coordinates 

(A0, E0) are given in Table 1. The temperature for 

each of the tail spectra is specified with the numerical 

value in parentheses along with the numeral alone. 

The former denotes the temperature read from the 

data of Martienssen or Haupt, and the latter is the 

temperature (at the specimen-holder, see below) in 

the present experiment. They differ from each other 

except in the intermediate temperature range 

~ 200 K < T <  ~ 300 K:

At the higher temperatures, the relation

r c = r- 0 .1 (7 ’ -273) for 7 ^  370K (2.3)

is obtained by denoting the temperatures measured 

by us and by Martienssen or Haupt as T and Tc, 

respectively. It is conceived that the specimen tem­

perature is closer to Tc than T, if one takes account 

of the experimental arrangements at high tempera­

tures in the earlier4:5 and present works: our 

specimens heated by conduction through the speci­

men-holder, to which a thermocouple is fixed, were 

placed inside a radiation-shield cylinder cooled with 

liquid nitrogen. Since our temperature value T is 

related to the specimen-holder as mentioned in pre­

ceding re p o r ts2’ 6~9, reevaluations have been 

made in this paper on the quantity os(T) and on 

the peak-shift for chlorides.

On the other hand, in the lower temperature 

region the tail measured by Haupt at 20 K, the 

broken line, is located in the lower energy region of 

our absorption tail at 65 K, the filled circles, iden­

tified with impurity absorptions. This observation 

strongly suggests that Haupt’s specimens were not 

really cooled down to 20 K as reported, provided 

that the spectra are free from impurity-induced ab­

sorption. The specimen temperature is hence con­

ceived to be closer to our temperature below 300 K. 

Therefore, our temperature T is adopted in this 

paper as the specimen temperature except in the 

region T > 370 K where it is to be replaced by Tc 

according to Equation (2.3).

Now, the parameters h to and oso, having been 

left as missing data to date, are evaluated by refer­

ring to the specimen temperature (see Table 1). 

The tail spectra of KI at 20 K and 65 K predicted 

by the Urbach rule thus determined are shown by 

chain lines in Fig. 1; indeed, the Haupt’s 20 K tail 

is found to be identical to the tail predicted at 77 K. 

The specimen of the filled circles is certainly on the

Parameters Units F Cl Br I

<7s0 0.69 0.741 0.765 0.845
hoj meV 16.5 9.5 10.7 8.5

1 A0 cm-1 1.0-1010 1.2-1010 6 • 109 6 • 109
Na Eo eV 10.70 8.025 6.770 5.666

2.303 l0gl° A° 33.4 31.3 28.8 26.7

o C (l. 10) eV 0.163 0.116 0.087 0.058
Z

C (l. 10) /Hoj 9.88 12.2 8.12 6.82

3 Ref. 9 2 17 17

rtsO 0.745 0.774 0.830
hco meV 13.5 10.5 4.5

1 A0 cm-1 1.26-1010 6 • 109 6 • 109

E0 eV 7.834 6.840 5.890

K 2.302 l0gl° A° 30.8 29.1 27.2
o» o

2 C( 1, 10) eV 0.1068 0.0865 0.0243
C( 1, 10)/Hoj 7.90 8.24 5.44

3 Ref. 1

Table 1. The experimental values 
of the Urbach-rule parameters for 
the intrinsic tails in the alkalihali- 
des. C (a, T) =  Eol(0 )—E (I0a, T), 

cf. § 4.
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lower energy side of the intrinsic tail predicted at 

65 K. Similarly, the present Urbach rule for KBr 

indicates the Martienssen’s 20 K-tail at 67 K, see 

the broken line in Figure 1. It is interesting to note 

that the above specimen temperature predicted on 

the “20 K-tail” are nearly equal respectively to the 

temperature of 69 K estimated by Martienssen as 

the “Nullpunktstemperatur” of KBr lattice 4 and to 

the temperature of 66 K ~ 80 K for KI 5. This sug­

gests it very unlikely that these values have a certain 

correlation with a lattice dynamical quantity such 

as a zero-point temperature of lattice. In fact, the 

zero-point temperature of lattice that the tail can 

sound is given as i h co = 65 K for KBr and = 26 K 

for KI.

Next we show that the tails below 80 K, the chain 

lines, are predicted with reasonable accuracy by the 

present Urbach rule. Generally, the values of (h co, 

os0) derived from the high temperature tails alone 

do not always locate the tails at their proper posi­

tions at lower temperatures (see Fig. 6 in Appen­

dix). However, as detailed in the preceding report 

whether the tails predicted at low temperatures are 

correctly located can easilv be inferred from the 

application of the Kramers-Kronig analysis to the 

reflectivities by observing the non-negativity in the 

fundamental region and the conformity to the ex­

ponential line at its onset region of the converted 

absorption spectrum. Hence, one can eventually find 

a pair of values (h co, os.) which not onlv well de­

scribe ihe observed tail spectra at higher tempera­

tures but also yield at lower temperatures the tails 

compatible with the Kramers-Kronig conversion. 

Strictly speaking, the values of (h co, osi|) in Table 1 

have been determined in this way except the case of 

KC1 (cf. Appendix), and the chain lines in Fig. 1 

have been calculated by the Urbach rule thus deter­

mined. The uncertainties in the predicted tail posi­

tions are estimated to be within ± 1.5 Ä at A = 

104 cm 1. On this basis also, it is highly probable 

that the intrinsic tails at 20 K are really located on 

the higher energy side of the “20 K-tail” in the 

earlier papers 4‘ °.

Figure 2 represents o^(T) in the sodium- and 

potassium-halides except KF. Open and filled circles 

relate to the intrinsic tails actually observed, and 

the former has been calculated in terms of the 

specimen-holder temperature and the latter in terms 

of Tr for T > 370 K. The double circles stand for

os(71) of the tails predicted by the Urbach rule in a 

compatible way with the Kramers-Kronig conver­

sion (the chain lines in Figure 1). The full curve 

for each halide is calculated by Eq. (2 .2 ) in terms 

of the specimen temperature making use of (hco, as0) 

in Table 1. The agreement between the calculated 

and experimental values is fairly good as a whole; 

especially for chlorides, a closer fit can be achieved 

between the data and curves over the whole tem­

perature range than the earliers 2. The behaviour 

of nt(T) for NaF is shown by the broken curve, 

because no intrinsic tails have been observed at any 

temperature 9.

Now, it is clear from Table 1 that in passing from 

fluoride to iodide, h co becomes smaller and asl) 

becomes larger. This tendency of os0 certainly owes 

its origin to the constituent halogen ion in these 

halides, and hence should be explained in terms of 

a characteristic of the valence band I  8~ of each 

halide as discussed in § 4. Comparing hco in Table 1 

with the phonon dispersion measurements for each 
halide 10_13> 19-23̂  foun(] that jn the Urbach 

rule for the intrinsic tails of the sodium- and potas­

sium-halides has the value nearly equal to the acous­

tic phonon energy at X or L of each host lattice. 

Another feature attributable to the halogen ion is 

noticed on the line shape on the lower energv side 

of the lowest-energy exciton peak:

In this spectral region, A (E) rises with increas­

ing E first exponentially and subsequently non- 

exponentially forming the lower energy branch of 

the asymmetric Lorentzian shape of the main peak. 

In the case of iodides, the non-exponential part 

begins around the magnitude range of A(E ) as low 

as a hundredth or less of the peak height and shows 

a superexponential increase of A (E) ; owing to this, 

the lowest-energy exciton peak is located at low 

temperatures to the lower energy side of the line 

extrapolating the exponential tail to the convergence 

point (see Figs. 1 and 3). On the other hand, the 

non-exponential part of the fluoride and chloride 

begins subexponentially around the magnitude of 

A(E) as high as one tenth of the peak height, and 

hence the peak is always on the higher energv side 

of the exponential extrapolation line. In the bromides 

whose aso and h <o are both intermediate among the 

halides with identical alkali ion, A(E) in the non­

exponential part increases with E almost along the 

extrapolation line.
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§ 3. Thermal Shift of the Lowest-Energy

I 1 -Exciton Peak

This section deals with the apparent peak position 

r'En (T) in the reflectivity spectra (Fig. 4) and the 

peak E01(T) in the spectra of optical conductivity 

o(E) (Fig. 5) in the region of the lowest-energy 

r-exciton line; here, o (E )= n K E  in eV and the

Fig. 2. The data of as(r) for the Na- and K-halides except K

complex index of refraction n(E) =n(E ) —iK (E ). 

Open and filled marks in these figures have the same 

meaning as in Fig. 2, and hence the purpose of this 

section is to find the best-fit curves for each halide 

in terms of the specimen temperature T.

Previous works6,81'’ 24 have shown that the 

lowest-energy r-exciton lines o(E) are expressible

; the full and broken curves are calculated by the tanh-law.
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in the peak region of the line by the asymmetric 

Lorentzian function

(E) = v h 1 ‘ C>W h r i/2 + 2Jli(E - E"i) |
i 2 (E- E0i)2 + (h T J2 )2 L (3.1) 

am =  o (£,„■) J

here, suffix i = l ( = 2 ) specifies the lower (higher) 

energy partner of the halogen doublet lines. After 

the theory 18, one may take this fact as follows: The 

absorption of photon energy E gives rise to a de­

localized exciton whose translational motion is 

caused by the exciton-phonon interaction. As a 

result, the half value width h F  ■,, the degree of 

asymmetry A-x and the peak position E[Vl are ex­

pected to depend on temperature T through 

2 t0 D(co) (n (co) + (n(co) +1)), where D(co) is the 

phonon distribution function and

n(oj) = [exp(fr oj/k T) — I ]-1

is the phonon number. The temperature dependence 

may be written in a form of coth (h co/2 k T) if one

describes the phonon field by the Einstein oscillator, 

regarding h co as the effective phonon energy.

As seen in Figs. 4 and 5, the data of RE01(T) 

and E()1(T) are well traced by the full curves cal­

culated respectively by the formulae

R£ 01( n = { R£ 01' (0) + H ' ( 0 )}

- RJ /  (0) coth (h co 12 k T) , (3.2)
and

E0l(T) ={E()i (0 ) + (0)}

- J j '(0 )  co\h(hco'/2kT) . (3.3)

A list of the parameter-values for the best fit is 

given in Table 2 for Eq. (3.2) and in column 1 of 

Table 3 for Equation (3.3). The physical inter­

pretation of the parameters in Eq. (3.3) are diffi­

cult to be made because E01(T) involves the contri­

bution AEX(T) from the thermal dilation of the 

lattice to the peak shift. Approximating J E1(T) by 

the Madelung potential term, Eq. (3.6), one can 

investigate the contribution of the exciton-phonon 

interaction to the peak shift E0l(T) — JE 1(T) :

Fig. 3. The entire line shape of A (E, T) in the lowest-energy /'-exciton region of the Na-halides at low temperatures, where

Äp=R£01(n .
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PHOTON ENERGY IN eV

Fig. 4. The data of RE0l(T) in the Na- and K-halides; open circles refer to the temperature as measured and filled circles to
Tc , and thick solid curves are calculated by the coth-law.

The data of E01 (T) — AEt (T), filled and open Ax (T) =  (0) coth(fc co/2 k T) , (3.5)

triangles in Fig. 5, are traced by the broken curves T

calculated by AEt (T) =  — (aM e2/ i  d0)fa (T )dT  . (3.6)

E<>1(T)-AE1(T )={Eol(0)+A1(0)}--A1(T), _  0
(3.4) Here, the quantities d0, and a(T) are the lattice

Parameters Units F Cl Br I
Table 2. The temperature depen­
dence of the lowest-energy r-exci-
ton peak in the reflectivity spectra

R£ o i'(0 ) eV 10.643 7.978 6.730 5.6350 of the sodium- and potassium­

Na RzV(O) eV 0.117 0.095 0.079 0.0599 halides.

eV 10.760 8.063 6.809 5.6949
hco' meV 18.5 14.4 12.0 9.4

R£o i'(0 ) eV 9.915 7.7763 6.8170 5.8700

R z J/(0 ) eV 0.170 0.0860 0.0558 0.0469
K R £01'(0 )+ R J/(0 ) eV 10.085 7.8623 6.8728 5.9169



152 T. Tomiki et al. • The Urbach Rule for the Sodium- and Potassiumhalides

UJ

Fig. 5. The data of Eol(T) (circles) and E01 (T) — AEi (T) (triangles) of the Na- and K-halides.

constant at T = 0 K, the Madelung constant and the 

linear coefficient of thermal expansion, respectively. 

The values of the parameters £'01(0), zlj (0) and 

h co for Eq. (3.4) are listed in column 2 of Table 3. 

The quantity At (T) is the self-energy of the n = 1 

state exciton due to the interaction with phonon and 

£ 0t(O) +zl1(0 ) corresponds to the purely electronic 

excitation energy of the n = l  state exciton in a 

rigid lattice when T OK. This interpretation is 

conceived to be reasonable because of the formal 

analogy of the empirical relation (3.4) to the Tovo- 

zawa’s formula of the peak shift due to the exciton- 

phonon interaction, viz., Eq. (3.2) in Reference 18.

Denote the quantity relating to the exciton-phonon 

coupling constant as JF (co) and its average value as

Wj =  2 0) W (co) D (co) h co {n (co) + I }/— w D (co) h co 

■ \n (co) + 1}. Then, the energy shift, which is pro­

portional to the numerator of the above fraction, is 

also well described by the next formula 9:

E„  (T) - JE , (T) _  E„  (0 ) - W j  Cv (T)AT ; (3.7)

here, CX(T) is the heat capacity at constant volume; 

a list of the references on Cy(T) and a(T ) em­

ployed here is given in Table 4. The calculated 

values are also represented by the broken curves in 

the figure. In this approximation, each phonon of 

the possible modes is assumed to interact with the 

exciton with an equal coupling constant. A list of
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Parameters Units F Cl Br I

Na 1 E01 (0)
z l/ (  0)
£ 01'( 0 ) + J X'(0)
hco'
^ / ( 0 )/§ hco'

eV
eV
eV

meV

10.615
0.131

10.746
20
13.1

7.968
0.095
8.063

14.4
13.2

6.7175
0.0775
6.7950

12
12.9

5.6220
0.0605
5.6825
9.6

12.6

2 £oi(0)
^ i(0 )

£ „ ,« » + 4 ( 0 )
hco
zJi(0) / I hco

eV
eV
eV

meV

10.615
0.093

10.708
20
9.30

7.968
0.065
8.033

14
9.28

6.716
0.054
6.770

12
9.00

5.622
0.043
5.665
9.6
8.96

3 Eoi (0) eV 10.612
1.85

7.9635
1.68

5.620
1.68

4 Eg{ 0) eV 8.776 7.165 5.903

K 1 £„i'(0)
Zli'(0)
£„ i'(0 )+ /V (0 )
hco'
zJj'(O) / I  ha>

eV
eV
eV

meV

7.7763
0.086
7.8623

14.2
12.1

6.795
0.067
6.862

11.7
11.4

5.8646
0.0274
5.8920
4.81

11.4

2 E01m  
A ,(  0)

hco

A (0 )  Ih hco

eV
eV
eV

meV

9.915
0.135

10.050
17.1
15.8

7.7763
0.0400
7.8163

11
7.28

6.7955
0.0465
6.8420

11.7
7.96

5.8617
0.0183
5.8800
4.4
8.34

3 E01 (0) 
W\

eV 9.914
2.94

7.7720
1.46

6.7950
1.32

5.8530
1.49

4 Eg( 0) eV 11.384 8.7003 7.529 6.346

Table 3. The temperature depen­
dence of the lowest-energy T-exci- 
ton peak in the a(E) -spectra of the 

sodium- and potassium-halides.

the best-fit values of the parameters of Eq. (3.7) is 

given in column 3 of Table 3.

In a rigid lattice at T = 0 K, the band-gap energy 

E„* (0) can be written as {jE^ (0) + (0) } + 

{£exc,i+ [^e.h(0) - ^ i(O )]} , where EexcA is the 

binding energy of the lowest-energy exciton in the 

ground state and zle.h(0 ) is the self-energy term of 

the n = oo state exciton which is not equal to (0 ) 

in general and is not detectable at present by our 

experiment. However, owing to the presence of the 

zero-point phonons, the band-gap energy actually 

observable at the limit of 71 —> 0 K is to be given by 

Eg(0) = £ 01(0) + £exc,i ; (3.8)

hence, in column 4 of Table 3 are listed the values 

of this quantity. Here, the data of Eexc<\ are quoted 

from Refs. 6- 8’ 17 for KC1, NaCl, NaBr and Nal and 

also from Ref. 24 for KF, KBr and KI.

Figures 4 and 5 exhibit a very close fit to the 

data of the calculated curves over the whole tem­

perature range of the experiment in terms of the 

specimen temperature; in our earlier representation 

by use of the temperature as measured, any calcu­

lated curve failed to fit the data for T > 370 K. 

Therefore, the discussion and conclusion on Tc in 

§ 2 are substantiated also by Figs. 2, 4 and 5. The

data of KF on the reflectivity peak are missing be­

low 65 K in our experiment (see Figure 4). Our 

value of 9.915 eV = £ 01(0) is found to be very close 

to the recent result on the reflectivity peak 9.87 eV 

of KF-film at 10 K measured with the slit-width of 

0.06 eV at £  = 20 eV 25.

Several features noticeable from the above analy­

ses are as follows:

(1) An empirical relationship

£ „ i ( 0 )  + J i ( O ) a ä E 0 ( 3 .9 )

holds for KC1, KBr, KI and NaCl in which the 

intrinsic tails have been evidenced at low tempera­

tures (cf. Tables 1 and 3). The quantity E0 is 

defined in Equation (2 .1). On this basis, the E0 was 

derived for NaF 9, NaBr and N a l17.

(2 ) The frequency factors h o /  and h (0 fall 

near the point of X or L on the acoustic branches 

for each host lattice 10-13> i9_23 Tables 2 and 3).

(3) The inclination of the asymptotic lines against 

T in Fig. 5 can be given by

dEn (T) _  J , '(0 )

d r  ih m ' ’
(3.10)

(3.11)
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Table 4. A list of the references of the lattice dynamical 
quantities employed for the analyses of the peak-shift parame­
ters, cf. Eqs. (3.4) and (3.7). a(T) : a linear coefficient of 
thermal expansion; cij(T) : a stiffness parameter; Xs(T) : a 

compressibility.

F Cl Br I

Li Cp (T) 
Cv(T)

a(T)

a
b

a b, c , d,e f, KBr (b) *d
Na cij(T) 

y.dT) 
CP(T)

| see. Ref. 9 

c a, d e
Cv(T) e* a e

a(T) g, NaF (a) * a b. e. h d. e. h
K CP(T) f e e e

Cv(T) g e e e

* For example, the notation f, KBr(b)* for NaBr implies 
that 2 {T) of NaBr in the whole temperature range is ob­
tained by normalizing a (T) of KBr in Ref. b to a (T) of 
NaBr in Reference f. 

c* Cv(T) is converted from CP(T) given in Ref. c by use of 
the relation

CP{T)
CP{T )-C V(T) =

v : the cell volume. 

a B. W. James and B. Yates, Phil. Mag. 12, 253 [1965]. 
b B. Yates and C. H. Panter, Proc. Phys. Soc. London 80. 

373 [1962].
c G. K. White, Proc. Roy. Soc. London A 286. 204 [1965]. 
d P. P. M. Meincke and G. M. Graham, Canad. J. Phys. 43, 

1853 [1965], 
e R. Srinivasan, J. Ind. Inst. Sei. 37, 232 [1955].
1 Y. T. Deshpande, Acta Cryst. 14, 794 [1961].
S R. W. Roberts and C. S. Smith, J. Phys. Chem. Solids 31, 

619 [1970].
h K. E. Salimäki, Ann. Acad. Sei. Fennicae A V I 56, 7 

[I960],

a Landolt-Börnstein, Zahlenwerte und Funktionen, II. Band, 
4. Teil, Springer-Verlag, Berlin 1961. 

b B. Yates and C. H. Panter, Proc. Phys. Soc. London 80. 
373 [1969].

c A. J. Kirkham and B. Yates, J. Phys. C 1, 1162 [1968]. 
d T. H. K. Barron, A. J. Leadbetter, and J. A. Morrison.

Proc. Roy. Soc. London A 279, 62 [1963]. 
e W. T. Berg and Morrison, Proc. Roy. Soc. London A 242, 

467 [1957].
f E. F. Westrum Jr. and K. S. Pitzer, J. Amer. Chem. Soc.

71, 1940 [1949], 
g CV{T) is obtained by multiplying CP(T) in Ref. f by the 

average of CV(T) /CP(T) for NaF and LiF.

and their values are listed in Table 3, k being the 

Boltzmann constant. The quantities W\ and 

Ax (0) / i h co may be used as a measure of the 

strength of the exciton-phonon coupling (cf. §4 ). 

The quantity A1 (0 ) /I h co is seen to depend on the 

alkali and very little on the halogen; it is ~9 for 

sodium halides and ~ 8  for potassium halides ex­

cept KF.

§ 4. Discussion

Let us first clarify the concept of the intrinsic tail 

from the phenomenological side and then proceed 

to the physical considerations on the tail spectra.

It is obvious from the observations hitherto that 

the empirical relations

£ 0s £ o i ( 0 )+ 4 ( 0 ) ;  |
A0 ~ (1.0±0.5)-lO^cm “ 1 ; (4.1)

h oj ^  acoustic phonon energy at L or X J

hold for the intrinsic tail spectra so far as they obey 

the Urbach rule. Equations (2 .1), (2.2 ) and (4.1) 

are conceived to be the best quantitative expression 

at present for the intrinsic tail spectra of alkali- 

halides. It is to be noticed that the inclination of 

the tail against E-axis is finite at T = 0 K, if the tail 

spectra are to be expressed by the Urbach rule 

down to this temperature. In this case, the tail posi­

tion £(10°, 0), E(10a,T) being the photon energy 

of A = 10“ cm“ 1 at T, measured relative to 

E0 ^  E01 (0) + A1 (0) and scaled by i  h co can be 

evaluated by use of os0 and A0: this is equal to 

2.303 -Oso logio which is of the order of ~33 
~ 27 for the sodium and potassium halides (cf. 

Table 1). This relation is a revised form of the 

criterion proposed earlier [Eq. (10 b) in Ref.1] 

whose validity is denied by the present results of 

KBr and KI [cf. C (a, T)-values in column 2 of 

Table 1].

Now, an exponential dependence on E of the tail 

spectra was displayed in KI by Haupt 5 to the extent 

as high as 105 cm“ 1. On the other hand, in the 

present work the exponential line shape in KI is 

seen in the magnitude range of A(E,T ) < 104cm-1 

at the highest (cf. Fig. 1), and indeed the extent of 

A (E , T) to which the Urbach rule is applicable 

varies with the constituent halogen. The difference 

of the present and Haupt’s result is partly due to the 

use of the Moser-Urbach relation26, A (E, T) d = 1, 

at low temperatures in the Haupt’s experiment which 

is allowed only when the validity of exponential 

law is a priori warranted. Accordingly, the earlier 

experiments 4- 5 are inconsistent in this respect from 

logical viewpoint. A strict experimental proof was 

given on the validity of the Urbach rule at low 

temperatures for KC1 however to the extent of 

A < 102 cm-1, and this is the sole example to date 

of the tail spectra amongst the alkalihalides in which 

the exponential dependence on E is disclosed down 

to 10 K1.
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A transition of the tail shape occurs in CdTe, as 

temperature is lowered, from the exponential to 

non-exponential type in which the phonon structures 

first appear and then disappear exhibiting a ten­

dency to infinity of the inclination of tail spectrum 

against £-axis at T 0 K 27. In this case, the 

phonon structures are responsible for the creation 

of one exciton by the simultaneous annihilation of 

one photon and one (along with n 2) pho­

non (s) 28> 29, and hence the exponential tail is noth­

ing but an envelope of the many-phonon side­

bands2'. It is to be noticed that the edge-transition 

is direct for CdTe, too.

Then, questions naturally arise whether the va­

lidity of the Urbach rule is surely kept or whether 

a transition to CdTe-type is really prohibited in the 

alkalihalides especially in the iodides on the passage 

from 10 K to 0 K. These questions ought to be 

clarified by direct observations in future. The physi­

cal significance involved in them has been recently 

pointed out also from theoretical side by Toyozawa 

and coworkers in their theory on the Urbach 

rule 14-16:

Denote the gain in energy of the free exciton due 

to the propagation over the undeformed lattice by B 

and the energy gain of the exciton due to the self­

trapping at a lattice site by deforming the surround­

ings by 5. Here, B and S are measured in units of 

the interacting effective phonon energy. Then, the 

steepness constant satisfies the relation

os0̂ B /S ;  (4.2)

the entire line shape of exciton spectra in the peak- 

and tail-regions can be explained in terms of the 

line shape function (3.1) by taking into account the 

energy dependence, other than the temperature 

dependence, of the self-energy term 2 X (E , T) = 

Ax (E , T) — i h r x (E, T). The alkalihalides belong to 

the regime B/S<  1 and CdTe-type materials to 

B/S >  1.

Now, the halogen dependence of aso is discussed. 

Since B represents the exciton band width scaled 

with the interacting effective phonon energy, it is 

inversely proportional to the product of h co and 

the translational effective mass M  = mh -f me of the 

exciton at r .  Our experiment shows that h co be­

comes smaller in going from fluorides to iodides 

(cf. Tables 1 and 3). Effective hole band-masses mb 

as calculated are given by heavy (light) mass =

10.0 (3.2), 6.0 (2 .2 ) and 2.3 (1.7) for KC130,

KBr30 and KI 31, respectively; on the other hand, 

the effective electron band-mass me for the potas­

sium salts is of the order of 0.5 ~ 0.3 32. The order 

of magnitude of 5 may not so simply be evaluated 

in alkalihalides. At present, therefore, we can only 

infer this from W\ and/or Ax (0)/s h co, both of 

which exhibit a weak dependence on alkali alone 

(cf. Table 3). Thus, Eq. (4.2) well explains the 

observed dependence of os0 on halogen (cf. Table 1).
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Appendix

On the Procedure for Obtaining the Best Pair 

of (oso ,h  cvj

This appendix treats a graphical method for find­

ing a pair of (as0, hoo) which fits best to observed 

values os(Ti),  £ = 1 , 2 , . . . ,  n, and also treats the 

definition of the “best” . Descriptions are given re­

ferring to Figure 6 .

Let us suppose n os()(Ti, h co) -curves

oso(Ti, h co) = (h oo/2 k 7’i)os(7’j) -coth(ft. co/2 k T{) ;

£= 1, 2 , . . . ,  n (A-l)

and n points ös0(7’j, h C 0 j )  on these curves crossing 

with a certain given line h co = h tOj in the (h co, as0)- 

plane. We want to begin with finding the point
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osfl (h ojj) that makes the deviation

A (h o)j, os0{h co,)) =  Z x {os(Ti) - o s{Ti,h ojj) Cill}2

(A-2)

minimum, where

h  t ’J j )  cal — a sO ( ^  W j )
Vi.

nuVi =  °*(Ti)/°*o(Ti, h 03j) .

Differentiating Eq. (A-2) with respect to oso(hojj) 

and setting the derivative equal to zero, os()(fa.(o;) 

is given by

(^ — — i (Ti, fi (Oj) I— j rijj. (A-3)

Substituting this into Eq. (A-2), the minimum de­

viation Amm(hojj) at h o  = h (Oj is given by

Amin( h o j j ) = I i oATiy- (A-4)

_ j  nu ■ T , , h  (Oj) \ 2
• 1 -o^{T i,ho)j)
{ - i “ ij )

Numerical computations of the quantities o^(h  0)j) 

and Amm(ha)j) are easily performed, because os(Tj) 

is experimentally known and oM1(T i,hojj) can be 

evaluated graphically. The value of h  (0 = h  o j*  that 

makes Aw-m (h OJj) minimum against a variation of 

hojj and oS3* = o^(h o>*) constitute a pair for the 

best fit to the observed values of os(7’,). The defi­

nition of the “best” fit in this case is expressed by

Z U ^ - K C H )  - a s(7Y)cal}2, (A-5)

where

# 2 kT hoj* 
ai = °sO £— iT tanh .

n  oj 2 k  I

In the text, a pair for the best fit is simply denoted 

as (oso,fef'j). Equation (A-3) clearly indicates that 

the most probable point n^(ho)j) at h ojj is not 

evaluated by

S i os0(Ti, h ojj) In (A-6 )

because of a weight n,j at each cross point.

We can also evaluate a pair of parameters under 

a separate definition of the best fit, e. g., by making 

the deviation
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